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Module 0.1: The Preface: How to Use This Book
You might have some questions about the nature and purpose of this book. Questions
like “Why does this book organize the text into boxes?” “Why is it filled with cartoon-like
drawings?” “Who is this book for?” “At what point in their education?”
This book is intended for courses usually called “discrete mathematics” or “discrete
structures.” Typically, students will take this course in their 2nd, 3rd, or 4th semester
of the undergraduate degree in computer science, computer engineering, or game design
& development. However, there is nothing wrong with taking it earlier or later. The
course is also very popular among mathematics majors and students attempting a minor in
mathematics.
I hope that at some point this book might end up in the hands of a talented high-school
student: someone who has a love of mathematics, and who would like to see something o↵
the “trunk line” of Precalculus, Calculus i, ii, iii, and Di↵erential Equations.

Having established whom the book is for, we now must define what discrete mathematics
actually is about. There are three definitions in circulation for discrete mathematics. You
will learn all three definitions as you read this preface. The best definition is to simply list
the topics in the course:
• Set Theory
• Combinatorics
• Probability
• Formal Symbolic Logic
• Proof-Writing Techniques
• The Theory of Graphs and Digraphs
• Number Theory
• Cryptography (the science of codes)

Of all the terms in the previous box, you’ve probably got some idea of what they mean, but
perhaps there are other terms you haven’t heard before.
• As I’ve annotated, cryptography is the science of codes.
• Combinatorics is a bit harder to explain. Using it, we can answer questions that begin
with “How many possible ways are there to. . . .” For example, how many possible
passwords are there using only capital and lower-case English letters, of length eight?
These questions are not only interesting for cybersecurity, but we’ll also see that there
are numerous applications of combinatorics in the science of probability.
• While number theory might sound like a bunch of mathematicians sitting under a tree,
smoking something, and thinking up new types of numbers, that’s not what number
theory is about. Until the 19th century, number theory was all about problems relating
to the integers. Today, that’spstill mostly true, but number theorists today also include
(at times) numbers like a + b 3 or a + bi, where a and b are integers. These are called
“algebraic extensions of the integers,” but we’ll stick with the ordinary integers for this
textbook.
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In the theory of graphs and digraphs, you study objects
like the one shown at the left. That’s a graph.
If the arcs (called edges or links) between the circles
(called vertices or nodes) are “two-way streets,” then we
call it an undirected graph. If the edges or links between
the vertices or nodes were “one-way streets,” instead of
“two-way streets,” then we call it a directed graph or digraph.
If it were a directed graph, the edges or links would
have arrowheads. In this case, they do not. Therefore, the
picture at the left shows an undirected graph. We usually
abbreviate and simply say a graph, instead of an undirected
graph.
As you can see, the theory of graphs and digraphs has
absolutely nothing to do with graphing 2nd or 3rd degree
polynomials, as you would have done in your high-school
algebra classes.
Mathematicians often say “graph theory” instead of
“the theory of graphs and digraphs” in common conversation.

Whenever I speak to people o↵ campus who have an undergraduate degree in computer
engineering or computer science, I often ask them about what is important, and what we
should be teaching. Time and time again, I’ve heard that the technical skills are very
important, but that the art of problem solving is indispensable. After all, technical skills
can be acquired by OTJT (“on the job training”).
When I ask them what their most favorite courses were, discrete mathematics often
makes the list. First, a heck of a lot of students enjoy problem solving. It is nice to give the
brain a challenge from time to time. Second, the specific style and nature of the problems
in discrete mathematics is a lot like solving a puzzle. This makes it more entertaining, if
somewhat easier, than a difficult integral. Third, the applications of the calculus courses
are often toward physics and economics, with newer books including some applications to
biology. In contrast, the applications in discrete mathematics are frequently about computing.
However, there are other applications, such as risk analysis and insurance.
Therefore, there’s no surprise that discrete mathematics is a favorite course for computing
students. The puzzle-like nature of problem solving, as well as the applications to computing,
are a delightful combination. Indeed, many students tell me that this has been their favorite
mathematics class over their entire lives.

Okay, so you’re probably wondering why this book has colorful icons and boxes. The book
is divided into modules, and the format of the book is based on the idea of breaking each
module up into tiny bite-sized easily-digested pieces. Certainly, this is bizarre. I’ve never
seen a book written this way, so perhaps you have not either—but I’ve done this for several
reasons:
• The book is designed primarily for electronic form, and the computer screen is much
wider than it is tall, as compared to a piece of paper, which is taller than it is wide.
• The idea is that you should read the boxes one at a time, and that you must not read
the next box until you understand the current box, except as noted below. If you must
read the current box ten times to understand it, then read it ten times. The exceptions
are certain types of boxes that are categorically optional.
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By breaking the text into these tiny pieces, each a bit further along than the previous, the
idea is that you will ascend in mathematical knowledge smoothly and with minimal e↵ort.
It shall be like climbing some stairs, rather than scaling a cli↵. This book is not, however,
an elevator. You will have to work a bit. I’ve gone through a lot of e↵ort and typing to
make this process easier for you, but it will not be “a breeze.”
Most of my students have found this course, and the puzzle-like nature of its problems,
to be enjoyable. Yet it remains true that learning mathematics requires some serious e↵ort,
even if you enjoy it.
Many students find the problems to be a fun challenge because discrete mathematics is
more about thinking cleverly and less about carrying out procedures from memory. Nothing
can replace the joy and feeling of accomplishment that comes after finishing a long and
difficult problem, checking the answer, and discovering that you are correct.

By the way, to prevent eye strain, it is very important that you rescale the window of your
PDF viewer so that the width of the screen is the width of the printed page. That means
that you should be able to see both of the vertical lines that comprise the side “walls” of
this box. If you cannot, then you have zoomed in too far. However, you should only just be
able to see both vertical lines, with those vertical lines close to the edges of the screen.
Permit me to show you what I mean with pictures, in the next box.

This is correct.

This is very wrong.

This is also wrong.

Compliance with this guideline is very important for avoiding eye strain. The proper magnification will allow you to
read longer and with more comfort. I will justify this numerically on Page 31 of this module.

The primary form of instruction will be examples. Seeing how a mathematical tool is used is
a great way to acquire the knowledge of how to use it. I have tried to make a large number
of real-world examples, even to the point of studying books normally used in higher-level
courses about computer science and about computer engineering. Other examples are
straightforward mathematics.
The examples are the heart and soul of the book.
# 0-1-1
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After each example will follow some practice problems for you. The question will be given,
as well as the final answer. You must take a blank piece of paper and challenge yourself to
try to get the correct answer. If you cannot, then try again and again. It is in this manner
that we will pass from easy problems to harder ones—and there will be hard problems, I
assure you.
By the way, do you see the numbers to the left? In this case, they are 0-1-2. This allows
you to identify specific checkerboard boxes, so that you can discuss them with your instructor,
help a classmate with one, or ask a question about one during class. These numbers are
particularly useful for asking about questions via e-mail or text message, because you do not
have to retype the entire question.
For example, 3-2-5 means Chapter 3, Module 2, Problem # 5. We will often abbreviate
“Chapter 3, Module 2” with “Module 3.2” for simplicity. When we say “problem,” we include
example problems (like the previous box) and practice problems (like this box, marked with
a checkerboard) but no other boxes.

It is extremely important to get in the habit of checking your own work. For the strongest
students, checking one’s work in high school was optional, because mistakes were rare, and
were often forgiven. At that point in your mathematical education, the problems were not
long and complex enough to merit checking intermediate steps, except perhaps occasionally.
As you advance in mathematics, the problems get longer, more complex, and forgiveness
fades away. It is crucial that you learn to check your work in intermediate steps, otherwise
you will be unable to do the longer problems. These boxes will tell you how to check your
work. Sometimes the method of the check is very di↵erent from the method of solving the
problem.

It is easy to see if you’ve gotten a particular question right or wrong. I provide you with the
answers to every problem, without exception. However, how can you be sure if you truly
know a concept, rather than superficially have some familiarity with it? When and how can
you determine whether or not you have learned a mathematical concept?
This is actually a deep philosophical point. I will answer it on Page 13 of this module.
Think about this question as you read the next few boxes.

One of the things that I’ve done in writing this book is to try to identify, by going over old
quizzes, tests, and final exams, the set of mistakes that are most common among students in
the course.
Let’s imagine that you have a job giving tours of a large old house—one that belonged
to a rich person and is now a museum. Suppose that in your first four tours, there was a
visitor or two, each time, who fell down the stairs when the tour reached some particular
staircase. On the fifth and later tours, would you not warn the visitors about the stairs when
they reached that particular point of the tour?
You can benefit from the mistakes of others by reading about them and avoiding them.
The boxes with this bomb in them are those warnings. These boxes are indicators that the
concepts they contain are vitally important for mastery of the material.
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Boxes of this sort are meant to link our present discussion of some mathematical topic with
a historical reference or notable person in the history of mathematics, computing, or science.
Many people enjoy discovering where a mathematical idea comes from or who invented it.
Others do not care, and that’s just fine—they can freely skip these boxes. Some people like
history, but some people do not. This icon is your indicator that you can skip this box.
One really great mind in the history of computing was Charles Babbage (1791–1871)
who lived so long ago that you might be wondering how he could have been involved in
computing at all. While he was productive in many di↵erent areas of academic research,
he focused mainly on machinery and automation, as well as the design of manufacturing
processes and even the layout of factories. He eventually tried to produce tables of logarithms
and trigonometric tables by machine, because those that were produced by the human hand
were likely to contain many errors.
We will continue in the next box.

Continuing with the previous box, Babbage’s first computing machine, Di↵erence Engine #1, was designed in 1822.
Sadly, it was built but not completed. In its incomplete
state, it could work with 6 digits of accuracy instead of
20 if completed. The machine could produce tables for
polynomial functions, perfect squares, perfect cubes, and
solve quadratic equations.
As it turns out, Di↵erence Engine #2 was never built
by Babbage. Long after Babbage was dead, the designs
for Di↵erence Engine #2, were followed and two versions
were built during the years 1989–1991. You can see one in
the British Science Museum in London, or in the lobby of
Intellectual Ventures, a privately-held company in Seattle.
The British machine is pictured to the left. Even though
it was built with 19th century machining tolerances, the
calculations produced are accurate to 31 decimal places.

Continuing with the two previous boxes, the Analytical Engine, still larger and more
complicated, had many of the features of modern computers: an instruction set, loops,
branching, conditional loops, and a separate input/output unit. (Even the Di↵erence Engine
#2 had a stand-alone printer, which was finally built in the year 2000.)
If you are familiar with the theory of computing, you might be interested to know that
the Analytical Engine would have been Turing complete. If you don’t know what that means,
don’t worry about that.

The photograph of the di↵erence engine (above) taken on July 6th, 2007, has been provided via the Creative Commons.
The photographer “geni” has declined to provide either a first name or a last name, but I am happy to provide this
academic citation to that anonymous person. The photo is freely available at the following URL:
https://commons.wikimedia.org/wiki/File:Babbage_Difference_Engine.jpg
https://creativecommons.org/licenses/by-sa/4.0/legalcode
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These boxes are the opposite of a history box—that’s because history boxes can be ignored,
whereas these boxes contain information that must be learned at all costs. Only the most
vital information is placed in these boxes, and you must be careful to learn what you find in
them. Often, they define core vocabulary or introduce key concepts. Let me show you how
we will define vocabulary in this book.
We say that a set A is a subset of the set B if and only if every member of A is also
a member of B. Furthermore, we say that A is a proper subset of B if and only if A is a
subset of B and A =
6 B.

By the way, did you notice that the words “subset” and “proper subset” were in italics? This is done to indicate that
they are vocabulary terms. Any such terms will be in italics at the moment when they are defined, but in ordinary type
whenever they appear subsequently.

Boxes with this symbol are all about theory. For medium-skill and stronger students, seeing
the theory is often rather helpful. It can explain where ideas come from, and these form
hooks in your brain that connect the ideas together. Otherwise, memorizing a plethora of
formulae is not very fun and is unlikely to be e↵ective. Even if it is e↵ective in the short-term,
you won’t have long-term retention of ideas unless you see where they come from, and how
they were figured out.
Ideally, we would prove everything that we say, showing all the steps, and proceeding
from crystal-clear definitions. That’s not always possible. However, we should only “take
something on faith” on the very rarest of occasions. A course in mathematics is not a course
in theology. Instead, we should demand to know why something is true, provided that the
source of that truth is comprehensible.
Alternatively, some students prefer to be told “just what to do” and “don’t care where it
comes from.” While that attitude is depressing, I have also seen students with that attitude
get an A. More often, they end up with a C.
With all that in mind, I request that every student read what they find in these boxes.
If they do not understand it after the fourth reading, then they can move on without giving
the theory box a fifth reading. This information is not essential, but everyone should try.

Back on Page 11 of this module, I posed the following question: How can you be sure if you
truly know a concept, rather than having some superficial familiarity with it? When and
how can you determine whether or not you have learned a particular mathematical concept?
You might think that this is subjective—a matter of opinion. The standard is actually
perfectly clear and objective. You understand a mathematical concept if and only if you
can successfully use that understanding to solve a problem which has been designed (by a
competent instructor) to measure your understanding of that topic.
Another way to look at this standard is from a historical perspective. Mathematical
tools were invented for a reason. That reason is not to torture students, but instead to solve
some particular set of problems. If a student cannot solve those problems with the methods
designed to solve them, then that student has yet to actually learn the tools properly.
In other words, if you cannot use a mathematical concept to solve the problems associated
with it, then you do not yet truly understand the concept. This is an objective measure of
learning mathematics.
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A Pause for Reflection. . .
The comment that I made in the previous box is what I believe separates the STEM
disciplines (Science, Technology, Engineering and Mathematics) from the humanities—our
objectivity.
That is not to say that I disrespect the humanities. You will soon find out, as you
read this book, that I love history. Moreover, while I disliked my writing-intensive courses,
and was imperfect at writing in high school, I have to confess that my university-level
writing-intensive courses are responsible for enabling me to become a writer of successful
textbooks. In addition to that, I enjoyed philosophy so much that I minored in it. Without
my coursework in the humanities, my textbooks simply would not exist.
Despite my appreciation of the humanities, mathematics is far distant from that world.
Knowledge in mathematics is objectively true, as is demonstrated by the continued survival
of some techniques today (such as “completing the square”), that were introduced by the
Babylonians and Sumerians over four thousand years ago.

At the start of each module, you will find this box, and it lists the objectives of that module.
I think it is extremely useful to know where the module is going, so that the reader knows
what is important in the discussion. This is your road map to success, and it highlights the
purposes of the module.
For example, in this module, I am telling you whom this book is for, and how I have
formatted it. I am telling you what all the di↵erent types of boxes mean, and I am describing
how the course material will di↵er from your calculus classes, by means of giving a few
definitions of discrete mathematics.
Lastly, I am including two successful strategies at the end of this preface—strategies
that students have used in the past to great success in my classroom.

This is an idea that I thought of recently. As this textbook grows to its full maturity, then
boxes of this type shall appear at the end of each module. In each, you will find an inventory
of what was learned during that module. This is not decorative, but instead rather important.
You must look at each bulleted item, and ensure that you have indeed acquired the skill
listed. If not, then you should go back and learn more about the skills that you do not feel
comfortable with.
Also, I will highlight some vocabulary terms that were defined during the module.
Becoming an expert in the terminology is very important, not only for impressing people at
job interviews for internships, co-ops, or volunteer positions, but also for understanding the
instructor in higher-level courses. If you want to talk about a topic intelligently, then you
have to master the vocabulary.
As of this moment, some modules have a box of this type, and some do not.

Almost all of my readers will have had some calculus before taking this course. Some will
have had a year of calculus. In fact, a few students will have completed Calculus i, ii, and
iii. While most of discrete mathematics is totally unrelated to calculus, your experiences in
calculus are phenomenally valuable.
We have no need of integrals or derivatives here, unlike a physics or advanced engineering
course. Instead, we are going to leverage your problem-solving skills. You acquired these skills
when you solved word problems, not only in calculus class, but in precalculus, trigonometry,
geometry, and algebra. All of those word problems have made you think like a problem
solver. This book will grow those skills further and make you an even better problem solver.
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It is probably a good idea to compare and contrast the problems in discrete mathematics
with the problems in calculus.
• With the exception of the hardest integrals, optimization problems, and related-rates
problems, most of calculus and precalculus is about carrying out a process. It is an
intellectual process, but it is still a procedure. In discrete mathematics, the problems
aren’t like that. There’s a lot more variation, and it is more like solving a puzzle. For
most students, this is a lot of fun, but it can definitely be frustrating at times.
• If you look through a classic book on calculus or precalculus, such as James Stewart’s
Calculus, or Sullivan’s Algebra & Trigonometry, then you’ll see 80–110 exercises after
each section. The body of the section will have 5–9 examples. Maybe when you
reach Calculus ii and iii, the number of homework problems will decrease because the
problems take longer. In contrast, this textbook will have 25–35 problems for each
module, with about 1/3 being examples, and 2/3 being checkerboards.
• It is worth flipping through a calculus book, if you happen to have one handy, to see if
my claims are correct.

A Pause for Reflection. . .
Looking at the previous box, that ratio of examples to homework problems always struck
me as gravely wasteful. First of all, no one has the time to do 80–110 problems. Second, if a
student cannot learn a concept after doing 40 problems about that concept, then another
40–70 problems cannot help that student either. Whatever the cause, it won’t be cured by
additional mindless drilling.
Third, wouldn’t it be better to only present the very best problems? The ones that
are clear and relevant? Those problems that are neither artificially hard nor too easy? In
writing this book, I have taken the opposite of the calculus approach. I will never give you
80–110 problems per section. That would be wasting everyone’s time. As I mentioned, I aim
for 25–35, but some modules will have fewer problems or more problems.
I think it is very important that roughly 1/3 of the problems are worked out, in full, as
examples. This is in stark contrast to the typical algebra or calculus book, where less than
1/10 of the problems are worked out, in full, as examples.

There’s another di↵erence between discrete mathematics and calculus that I would like to
bring to your attention. Over the years, I’ve noticed that discrete mathematics tolerates
absences far less well than calculus does. At first, this seemed very strange, but I thought
about it some more and now it seems rather clear.
Discrete mathematics is a large collection of small topics. In contrast, over Calculus i,
ii and iii, about an academic year and a half, you only learn four concepts: the idea of a
limit, the derivative, the integral, as well as infinite sequences and series. Accordingly, each
concept (except limits) will get several months, and even limits will get one month.
In comparison with that, when I teach discrete mathematics, I have only 41 ± 1 class
meetings. I give a few of those away to in-class tests, as well as “syllabus day,” and therefore
I have an extremely small number of days for course content. By necessity, there will be
some topics in the course that will begin and end on the same day. It is a mathematical
impossibility for me to give more than one day to each topic. Therefore, if you miss that
day, you have now lost all of your in-class exposure to an entire topic! While it would be an
exaggeration to call it a catastrophic loss, it is a concrete and measurable setback—one that
disadvantages the absent student significantly.
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This brings us to the second definition of discrete mathematics, but one that I dislike slightly.
Among engineers, one often hears about “the calculus trunk line” which is Precalculus,
Calculus i, ii, and iii, plus Di↵erential Equations. Then, computer engineers will explain
discrete mathematics to non-computer engineers by saying that it is all the mathematics
that is not in the calculus trunk line and not in statistics.
While this does have a lot of truth to it, and it is the most-often repeated description of
discrete mathematics, I cannot accept it as a good definition, because it is explaining what
discrete mathematics is not. For example, we don’t explain what a clock is by saying that it
is not a tomato, not a lightbulb, not a type of building, nor an organ of the human body.
While technically true, that is not informative.

I have five innovations in this book that I’m very proud of, so permit me to share those
innovations with you.
1. As I mentioned a few boxes ago, the ratio of examples to exercises is di↵erent. Typically,
you’ll see that 1/3 or 1/4 of the problems are fully solved examples. In stark contrast,
a typical calculus book has 5–9 examples followed by 80–110 exercises in each section.
That comes to between 1/22 to 1/9, a very di↵erent ratio.
2. I’ve really done my best to create the most relevant and interesting problems that I
can think of. When I first began teaching, I used to circle the numbers of the problems
that were “very cool” so that I would be sure to discuss them in class. My hope is
that in this textbook, nearly every problem (or a majority of them) will fall into this
category. However, only you can judge if I have been successful.
3. I have spent a great deal of time going over computer-science textbooks, and computerengineering textbooks, to find truly relevant applications that are actually used in
industry. As it comes to pass, I came to mathematics later in life than most mathematics
professors. My Bachelor’s degree and my first Master’s degree are in Electrical &
Computer Engineering. I only switched to applied mathematics for my second Master’s
degree and my PhD. I also worked between degrees, and several problems come directly
from my work experience.
4. The examples, the problems for you to do (the checkerboards), and the descriptions
are all interwoven. If you scroll rapidly through the book, you’ll see an example, two
checkerboards, some chatter, another example, maybe one checkerboard, more chatter,
yet another example, perhaps three checkerboards, more chatter, and so forth. This
tends to make the process more enjoyable, more e↵ective, and less boring.
5. When I have generated an image or a table using a computer, I’m usually programming
with Python and Sage. Unlike most textbooks, I have decided to provide the code to
you. I will go into more detail about this on Page 19 of this preface.

A Pause for Reflection. . .
Looking back at the previous box, what really helped me choose the above structure was the
independent reading that I did as a PhD student in mathematics. When learning something
like vector calculus or real analysis, we were told to carefully study each example and
theorem, and then do exercises {1, 5, 9, 13, 17, 21, 25, . . .} or {1, 7, 13, 19, 25, 31, 37, . . .}.
The skipping by 4s or 6s ensured that we were doing odd-numbered problems. That
was important because the odd-numbered problems had the answers in the back of the
book. Since the advice was to skip 3/4 or 5/6 of the problems, but none of the examples or
theorems, that helped me realize that the ratios were totally wrong in traditional textbooks.
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There’s a brief point I’d like to bring to your attention. You’ll probably be spending a bit
more time outside the classroom (compared to inside the classroom) for discrete mathematics
than you did in calculus. That’s just part of becoming an independent learner.
Look at it this way—in kindergarten, all the work of learning was inside the classroom,
and there was no homework (at least for most of us). Then, as you grew up, some of the
work had to be done at home, even if a lot was still being done in the classroom. At the
other extreme, if you go for a PhD in math, then you’ll be doing all of the work of your
dissertation yourself, alone.
So, there’s a natural progression here from 100% in the classroom to 0% in the classroom;
likewise, there’s a natural progression from 0% of the work being done at home, to 100% at
home. With this in mind, it seems perfectly reasonable that you’ll be doing a bit more of
the learning at home in discrete mathematics than you are used to from calculus.

Please don’t be alarmed by the previous box. Due to the puzzle-like nature of discrete math problems, and the nerdy
nature of students who choose to study computing, most students find this process to be mostly painless, and a very
good number of students find it fun—or even the favorite mathematics course of their entire lives.
Here’s a fun quote: “The best way to learn is to do; the worst way to teach is to talk.”
—Paul Halmos (1916–2006)

Some casual comments or passing statements are too small to be worthy of a box with an icon, and therefore will appear
like this box and the previous box.

I think that the quote from Paul Halmos (1916–2006), given above, is true. If you want to
get good at playing poker, golf, or chess, and equally if you want to get good at speaking
French or Japanese, then you should actually do those activities. If you want to become
a good computer programmer, then you should program—not only when you are given
programming assignments, but at other times, like when you see a cool algorithm in a math
class or a physics class.
Some students want to make a career out of making computer games—other students
don’t want to make that a career, but if they find themselves in a semester with 0 computing
classes, then it might be a fun and useful investment of their spare time during term to
simply code up a new computer game of their own design—just to keep their skills sharp, if
nothing more.
This is also why I make you solve problems throughout the book. Very few pages in this
book are without a checkerboard box. You will return to problem solving every few minutes.
Mathematics is not a spectator sport—you learn it by doing it.

As I said earlier, it is extremely important to know how mathematics is used. Applications
are outstandingly handy to help students understand mathematics. Some teachers are
frustrated that they have to justify the importance of a topic to students, and they see
applications as a sort of bribe, or as an annoying proof of utility.
I do not look at things that way myself. I find that applications allow students to relate
the math to something they already understand, or would like to understand. In the next
few boxes, I will describe some di↵erent types of applications.
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I have tried to avoid turning this book into a traditional science text. The focus is on
computing-related problems, with a few social-science related problems as well. Nonetheless,
scientific application problems are favorites of mine—especially the type where a mathematical
concept can be used to solve problems very quickly. Often the problems would be much
harder without that mathematical tool. It can be great fun to discover a mathematical
tool used in a context that you never expected. A particularly pleasant side-e↵ect of math
problems related to science is that they help us understand the world around us.
I have included many connections to science—and I probably should include more. I try
to focus not only on the “big three” that most students have available in high school: biology,
chemistry, and most dreaded of all—physics. I also focus on astronomy, ecology, archeology,
meteorology, and geology—the little sciences which are sometimes, but not always, neglected.
Forgotten even more often than those is cryptography, the science of codes, my own area of
research.

Financial applications are also important. Not only do they help you learn, but they also
might help keep you out of bankruptcy and put you on the road to fiscal success. In some
ways, these are the most important boxes in the book, for they aim to prepare you to spot
and hopefully avoid those pitfalls which could otherwise cause your financial ruin.
The connections between finance and discrete mathematics usually are connected with
some form of insurance (e.g. car insurance, life insurance, home-owners insurance, and so
forth). However, there are other applications, such as stock options.

These boxes indicate a direct connection with computer science. They will be much more
common than the scientific or financial applications. That’s because certain topics—such
as combinatorics, probability, logic, and binary calculations—are vital to how computers
operate inside.
That brings us to the third definition of discrete mathematics. It is often described as
the math behind computer science. Another way of saying this is that discrete mathematics
is the math of how computers work inside. That’s really convenient and descriptive for the
modern day, but it ignores the fact that many of the founders of the field were alive in the
1600s in France. Other than this one flaw, it is a great definition.

Having said all of this about the computing applications, the science applications, and the
financial applications, I feel as though I should be honest with you. Not everything that
we’re going to learn in this book has a practical application. Sometimes, the purpose is just
the calisthenics of the mind.
Consider soldiers in basic training. Many of the tasks that they will repeat many times
are very practical to the profession, such as how to throw a grenade, how to shoot an M16,
or how to perform some First Aid. Yet, many of tasks that they will repeat are not, such as
doing pushups, sit ups, or jumping jacks. These are done as calisthenics for the body, to
give the soldier physical fitness. The soldier should not start doing pushups, sit ups, and
especially not jumping jacks in the middle of a firefight on a modern battlefield.
That’s how it is with certain classes of problems, especially in number theory. The
calisthenics of the mind is not job training, but instead it is a way of ensuring that you have
extraordinary mental fitness.
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The computer algebra systems “Maple,” “Matlab,” “Mathematica,” and “Magma” are very
expensive tools that work like a highly sophisticated and capable graphing calculator—but
running on a computer instead of a handheld device. The system Sage is the free, opensource competitor to them all. Anybody with a web-browser can connect to the Sage servers,
scattered around the world, and perform computations on them. Also, because Sage works
through the web browser, the interface is remarkably simple to learn.
Moreover, there is no need to do a local installation on your own computer, unless you
want to, because most of the interfaces to Sage operate via the web browser and the internet.
My favorite part about Sage is that the underlying language is Python. Therefore, if
you learn Sage in a mathematics class, then you automatically learn Python for free. In
2017, the IEEE surveyed employers and it was discovered that Python is the #1 most often
requested computing language. However, you do not have to know Python to learn to use
Sage.

By the way, the IEEE—the Institute for Electronic and Electrical Engineering—is the premier professional body of both
computer engineering and electrical engineering. Perhaps you’d like to read about the survey yourself?
“Interactive: The Top Programming Languages 2017,” by Nick Diakopoulos and Stephen Cass, published in IEEE
Spectrum, on July 18th, 2017.

Many functions are easily explained by their graphs. In
fact, we will explore several concepts through the power
of graphs. The graphs in this book have been created by
Sage.
These boxes have no icon, but that space and a bit more
is devoted to displaying the graph being discussed. The
description of the graph and its underlying math will appear
alongside. In this case, we’re simultaneously graphing, on
the interval 0  x  2, the following set of functions:
n
o
x4 , x3 , x2 , x, x1/2 , x1/3 , x1/4

If you’d like to learn about Sage, then you might be interested in another textbook that I have
written. Published in 2015 by the American Mathematical Society, Sage for Undergraduates
covers most features of Sage from the point of view of a student in Calculus ii or iii. You
can actually be fairly functional in Sage by reading only Chapter 1 of that book.
There are some nice projects in Chapter 2. Advanced graphing and plotting is covered
in Chapter 3. Many advanced branches of mathematics are covered in Chapter 4. Then
Chapter 5 teaches Python, and Chapter 6 teaches how to make interactive webpages (applets)
using Sage. Appendix A has some helpful guidelines on what to do if you get frustrated.
The book is available for free in electronic form at the following URL:
http://www.gregorybard.com/books.html
I’m proud to inform you that Sage for Undergraduates has been endorsed by the Open
Textbook Initiative of the American Institute of Mathematics. I hope that the book you are
now reading will also eventually earn that endorsement once it is finished.
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In earlier versions of this book, I had many images, such as graphs, produced by Sage.
I also had some high-precision computations performed by Sage. Some students found
it unsatisfying that the code for producing those images or computations was not made
available to them. Accordingly, I’ve made the code available now.
• You can definitely understand the entire remainder of the book without understanding,
or even glancing at, the provided Sage code.
• If you’ve already learned Python, then you can make great use of this Sage code.
• If you don’t know Python, but you know some other computer languages, then you
can probably figure out how to make tiny modifications to my code to compute similar,
but not identical, images or computations.
• If you don’t know Python, but want to, then you can read Chapter 5 of my other
textbook, Sage for Undergraduates, mentioned in the previous box. That can be read
immediately after Chapter 1, without the intervening chapters.
• If you don’t know any programming languages at all, then something has gone horribly
wrong in your education. You should remedy this at once! I will discuss this further in
the next box.

This box is only for those students who have never learned any programming languages. All
other students can skip this box.
You will be at a tremendous disadvantage in the working world if you graduate without
ever having learned how to program a computer. That fact remains true regardless if you
have some sort of emotional response to the idea of computer programming. You should
either learn to program on your own, or take a proper course in some programming language.
If you’re going to learn on your own, then you can sit down with a well-chosen book. I
recommend doing so during the summer or winter break, between semesters, so that you
can devote sufficient time.
Python might or might not be the best choice for a first computing language—but many
computer science faculty think that it is, and I agree. However, the little snippets of Python
code that I provide are not a good way to learn Python. You should ignore my code blocks,
learn Python some other way, and then return to the code blocks in this book at a later
date. You might want to investigate taking a programming class online or in person.
Please do not think that I am exaggerating when I say that there is no way you can use
advanced mathematics, in the workplace, without using a computer. Accordingly, it really is
a waste of time to study advanced mathematics if you never also learn how to program.

A Pause for Reflection. . .
When learning new concepts—especially large ones, or ones that are counter-intuitive, it is
very good to stop, pause, and reflect on what you’ve learned. These breaks are great for the
brain. They keep you from getting “study hypnosis,” a phenomenon that can occur if you
study for a very long continuous period.
In these boxes, I will invite you to think and reflect on some specific question related
to the module, yet one that isn’t mathematical. A few instructors might ask you to record
your reflections in a homework journal, but perhaps very few. (That was an educational fad
in the 1990s.)
Mostly, this is just for your own comprehension, and to give your mind a momentary
rest. This is not relaxation—instead, it is reflection.
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Of course, we all know that diamonds are valuable, but they are also rather hard and have
many industrial uses. This type of box, marked with a diamond, represents material that is
both hard and valuable, just like diamonds are. Some instructors will include this advanced
material, to challenge you and take you to a new level of mastery of the material. Other
instructors will bypass this material, if they feel it is too difficult, or if they feel it will bring
them o↵ their lecture schedule.
I sincerely hope that you will attempt to tackle the harder material even if your instructor
doesn’t. However, you could also check with your instructor to see if that harder material is
mandatory or not.

This book is a work in progress, and is not quite finished yet. There will be boxes like this,
showing you where a piece would go, if it were ready.
Actually, at this point of August 2018, there are only a few spots that are not yet written.
Therefore, you won’t see this box very often at all.

A Pause for Reflection. . .
I’d like to bring up an important point about what goes into a book like this, and what
doesn’t. It is undeniable that an education in any STEM field is excellent preparation for
entering the 21st century workforce. This is even more clear for a rigorous STEM field like
computer science, computer networking, mathematics, or computer engineering. Nonetheless,
a STEM education is far more than workforce preparation.
One analogy is to think of your computer. Your computer is an excellent tool for
word-processing, and you can make many di↵erent types of documents on your computer.
Nonetheless, your computer can do far more things than creating documents.
With that in mind, you might be wondering how I decided what to include and what to
exclude. We’ll discuss that in the next box.

A Pause for Reflection. . .
A lot of topics in this course are fun or very useful. A few topics are both. However, the
art of writing proofs is neither fun for most students, nor very useful in the workforce.
Nonetheless, proofs are an important part of discrete mathematics, and of all mathematics.
Most instructors spend a lot of time discussing proof techniques, yet students often have an
extraordinarily strong dislike of writing proofs. As for myself, I also dislike writing proofs,
but some students enjoy that topic.
Early on in preparing this book, I did a search of what the ACM (the Association for
Computing Machinery) and the IEEE (the Institute for Electrical and Electronic Engineers)
define as “discrete mathematics.” Of course, many practical topics can be found in that
description, such as probability and graph theory. However, I also found a list of proof-writing
techniques that they consider to be absolutely essential for a college degree to be called a
computer science degree (or a computer engineering degree).
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A Pause for Reflection. . .
Let’s take a moment to think about what the information in the previous box really means:
the very credentialing agencies, which determine what employers want, and what universities
must deliver, specifically goes out of its way to name several particular methods of proof
writing.
No one could ever possibly ask you to write a mathematical proof at a job. The reason
that proofs are emphasized is because they are outstanding calisthenics of the mind. (See
also, my remarks on Page 18 of this preface, for more about the concept of calisthenics of the
mind.) Part of a university education is making your brain as fit and developed as possible.
Moreover, the practice of writing mathematical proofs will enhance your logic skills.
That, in turn, will make you a better programmer.

If you don’t believe, you can read the ACM/IEEE joint report yourself, at the following link:
http://www.discrete-math-hub.com/curriculum/ieee_acm_discrete_definition.pdf

At this point, I have now covered all of the types of boxes of this book, and that was the primary purpose of this preface.
Now, I have a brief conversation about rounding error, and then I’m going to quickly talk to you about two strategies
for studying from this book. That ends the preface, and you’ll be ready to dive into the modules at that point.

In this book, you’ll be doing a lot of calculations. Some will be simple, and some will be
complicated. You’ll almost always use a calculator for these math problems. As you might
have noticed, calculators usually display between 8 to 11 digits, but few situations really call
for that many digits of accuracy.
Most questions in discrete mathematics have answers that are integers, like 12, 4321, or
6. Naturally, some of them will be floating-point numbers (decimals). The policy in this
book is that we will be using 6 digits of accuracy for floating-point numbers, except in rare
situations when we use 9 digits, and those will be very clearly marked.

Furthermore, I will not round, but instead, I will slice o↵ the numbers after the sixth digit.
That means when your calculator tells you
p
5 = 2.2360679774997896964 · · ·
then I will be writing 2.23606 · · · in the book and not 2.23607 · · · . That’s because the digit
after the 0 really is a 6, and it really isn’t a 7. The abbreviation 2.23606 · · · works because
2.23606 is a prefix of the actual infinite decimal.

As I stated above, most questions in discrete mathematics have answers that are integers,
like 12, 4321, or 6. Some (especially in probability) have answers that are exact fractions
like 2/17.
Also, some of them will be floating-point numbers (decimals). I will be providing my
answers to 6 digits of accuracy. Generally, you want to match at least the first 5 digits.
However, if your answer (for any floating-point number in this book) matches for all digits
but the last digit, and doesn’t match on the last digit, then that’s totally okay.
It is standard practice that the last digit written in a floating-point number is not as
reliable as the ones that come before it.
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Most readers have no reason to be worried about, or be interested in, rounding error.
However, if you are deeply curious, the rounding/truncation policy of this book is listed
below. Most readers will want to skip this box.
• Numbers that are part of “shown work,” demonstrating how to solve problems in
examples and so forth, will have six significant figures shown.
• Final answers that are dollar-values, unless enormous, should be truncated to the
penny. (e.g. $ 5.10, not $ 5.1, nor $ 5.102.) Very large dollar amounts will be truncated
to the nearest dollar. (e.g. $ 1,234,567 and not $ 1,234,567.89.)
• Final answers that are percentages should be truncated to the basis point—that means
to 1% of 1%. (e.g. 7.12%, not 7.1%, nor 7.123%.)
• Answers that are integers should be written as integers. (e.g. 6, not 6.0, nor 6.00.)
• Other final answers should be truncated to six significant figures.

In summary, there’s no reason to be worried about significant digits. However, if you are still worried, then please read
Module 0.1: “Scientific Notation and Significant Digits” of another textbook of mine, Finite & Financial Mathematics
for University Freshmen. That textbook is also available for free, and you can find it at
http://www.gregorybard.com/finite.html

Before we continue, I’d like to thank you for your patience in staying with me for this long.
Learning styles vary from student to student. In fact, even within specific majors (such
as computer engineering, computer science, game design & development, mathematics, et
cetera. . . ) the way in which students learn will vary to a surprising degree.
Having spoken with my best students, and even having done research projects with
several of them, I have discerned that two fundamentally di↵erent styles of approach produce
outstanding results in discrete mathematics.
Those two styles of study will follow in the next two boxes.

First, some students just want to solve problems. Indeed, that’s fine, because discrete
mathematics is full of puzzle-like problems that are waiting to be solved. Those students
will initially ignore all the boxes except for the checkerboards, and simply solve all of the
problems. When they get stuck, they just scroll up and read the preceding example boxes
and theory boxes. We could call this the “problems-first strategy.”
The only thing that I would change about this strategy is that the student should be
sure to read all the danger boxes (the ones with a bomb) and the valuable-information boxes
(the ones with the treasure chest), because those boxes contain information of paramount
importance.

Second, other students would like to read the modules as if they were novels. They start
at the beginning, they read every word of every box, and continue to the end. In so doing,
they also will solve all of the problems. This second method is (ironically) faster because
the students never get stuck. They always have all the information that they need, when
they need it.
However, many students find this second method to be a bit dry, and the first method
is more fun—even if it is slower. We could call this the “readings-first strategy.”
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Looking back at the previous two boxes, we have two very di↵erent approaches to the
text: the problems-first strategy and the readings-first strategy. Only you can choose which
method is best for you. Every brain is di↵erent, and there is no way that someone can
make this choice for you. Both strategies have been very successful for students in discrete
mathematics, over many semesters.
The only strategy that is guaranteed to fail is to do nothing outside of the classroom.
As my colleague, Prof. Seth Dutter often states, “You don’t get bu↵ by watching people lift
weights.” My version of that slogan is a bit more verbose:
“If you believe that you can sit in a mathematics classroom, and do nothing more, yet
become a mathematician, then you must also believe that you can sit in a parking garage,
and do nothing more, yet become a car.”

A Pause for Reflection. . .
Now that I’ve told you what works, I wish to tell you what doesn’t work. Like the stairs on
the tour of the former rich man’s house from Page 11 of this module, I am going to warn
you about seven pitfalls that have damaged the academic careers of previous students in
discrete mathematics.
I am not issuing these warnings to complain about imperfect students. Instead, I want
you to learn about the mistakes of others by reading, so that you do not have to su↵er the
consequences of these mistakes yourself. It is better to learn from the “fatal errors” of other
people than to commit them yourself.

Note, fatal error is a technical term in computer science. In ordinary speech it means a bad
decision that causes death. In computer science, a fatal error is either an error that causes a
compiler to refuse to compile your program (a compile-time fatal error ) or perhaps an error
encountered while running a program that causes the computer to abort the program (a
run-time fatal error ).
In any case, those seven pitfalls are discussed in the next module, along with one crucial
piece of positive advice.

That’s all for now! Thanks for reading!!
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